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Abstract

Generative Al changes the supply side of content platforms by adding scalable non-
human content production. This paper studies a fixed-policy participation model
in which viewer populations respond to satisfaction, human creators respond to
human exposure net of crowd-out, and Al shadow creators respond to Al exposure.
The model extends two-sided platform participation dynamics by separating human
and Al creator blocks and by allowing Al quality to depend on human data and
on the diversity of the human creator ecology. We give primitive conditions for
existence, uniqueness, global convergence, human dropout, and cyclic instability.
In the two-field case, we derive certificates for the four possible human-support
regimes: both fields active, only the first field active, only the second field active,
and no human field active. These certificates are stated in terms of initial-domain
and primitive quantities, not equilibrium objects. We also show that the relaxation
parameter changes convergence and local stability, but not the fixed-point set. Syn-
thetic experiments reproduce the theory: high human costs induce sharp dropout,
human-share targets create an interior welfare peak, hot recommendation improves
stage welfare while reducing ecological balance, and large relaxation can generate
persistent period-two and period-four cycles. The results identify a mechanism by
which Al supply can increase short-run satisfaction while endogenously eroding
the human participation base on which long-run content quality may depend.

1 Introduction

Recommendation policies on a two-sided platform affect more than the matching realized in the
current period. They also change the populations that return to the platform in the next period.
Viewers may return when they receive satisfactory recommendations; creators may remain active
when they obtain exposure. Recent dynamic models formalize this feedback loop and show that a
policy with strong myopic performance can have weaker long-run consequences when participation
is endogenous [11].

The introduction of generative Al makes the supply-side feedback loop more delicate. Al can
scale content quickly and at low marginal cost. This can improve availability and short-run viewer
satisfaction, especially when human supply is scarce. At the same time, Al content can crowd out
human attention and reduce the exposure that keeps human creators active. If Al systems also learn
from human-created data, then the platform faces a dynamic tradeoff: the supply source that helps
satisfy current demand can weaken the human ecology that supports future quality. This paper builds
a tractable participation model for this tradeoff.

We study a platform with viewer groups, human creator fields, and Al shadow creator fields. A
fixed recommendation policy routes viewers to fields. Within each routed field, a preference-share
parameter splits exposure between human and Al content. Viewer satisfaction depends on a field
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quality aggregate and on a smooth human-Al mixture factor. Human creators receive a reference
population from human exposure, but this reference is divided by an Al crowd-out term. Al shadow
creators receive a reference population from AI exposure. The resulting dynamics are relaxed
best-response updates in a finite-dimensional game.

The analysis has two purposes. First, it gives well-posed fixed-policy theory: existence, fixed-
point/Nash equivalence, global convergence under a spectral comparison condition, and primitive
dropout certificates. Second, it clarifies which comparative statics are about equilibria and which
are about dynamics. Human costs, crowd-out coefficients, and target mixture shares can move
equilibrium welfare and support. The relaxation parameter does not move the fixed-point set. It
changes convergence speed and can destabilize a fixed point through a flip mode.

1.1 Main contributions

A human-AlI participation model with primitive assumptions. We define a two-sided participa-
tion game with three state blocks: viewer populations, human creator populations, and Al shadow
creator populations. All standing assumptions are imposed on primitive maps and on the compact
domain generated by the initial condition. They do not assume properties of the unknown equilib-
rium. We explicitly define the derivative operator D, and use local differentiability only inside local
sensitivity theorems.

Existence, uniqueness, and convergence. For every fixed policy, the relaxed best-response map is
continuous and maps a compact positive box into itself, so a steady-state equilibrium exists. Nash
equilibria of the induced participation game coincide with best-response fixed points and with steady
states of the dynamic. Under a computable nonnegative comparison matrix M (7) with spectral radius
less than one, the fixed point is unique and every trajectory converges geometrically under a weighted
block norm.

Dropout certificates for two fields. For K = L = 2, we give primitive sufficient conditions for all
four human-support regimes: both human fields active, only field 1 active, only field 2 active, and no
human field active. The certificates use lower exposure bounds generated by the primitive viewer
floor and upper reference bounds generated by the compact domain. The same framework yields
explicit intervals for a human-cost multiplier and for a field-level crowd-out coefficient. Quantities
that are automatically nonnegative are not introduced as positivity assumptions; strict positivity is
required only when a finite crowd-out threshold is desired.

Dynamic role of the relaxation parameter. We prove that the common relaxation parameter 1 does
not change the equilibrium set. When the primitive best-response comparison matrix is a contraction,
larger ) improves the comparison-rate bound. Locally, however, a negative eigenmode can cross —1
as 7) increases, generating persistent oscillations. The simulations reproduce this distinction: welfare
is nearly invariant across stable 7 values but collapses into a period-two regime when 7 is too large.

Simulation evidence and diagnostic figures. We run the supplied simulation code and incorporate
the resulting figures and tables. The experiments show stable convergence in a baseline environment,
a policy tradeoff between myopic welfare and ecology, sharp human dropout under increasing human
cost, an interior welfare peak in the target human share, and nonconvergent period-two/period-four
dynamics under aggressive relaxation and steep reference maps.

2 Related work

Two-sided platforms and participation dynamics. The paper is related to the economics of
two-sided platforms, where platform value depends on interactions between distinct user populations
[1, 14, 15]. Our focus is narrower: we fix arecommendation policy and study the induced participation
dynamics. The closest dynamic benchmark is Kiyohara et al. [11], who study policy design for
two-sided platforms with viewer and creator participation. We extend that participation framework by
splitting the creator side into human and Al blocks and by adding crowd-out and ecology channels.

Strategic creators and recommender systems. A growing literature studies content providers as
strategic or adaptive agents. Ben-Porat and Tennenholtz [2] formulate recommendation with strategic



content providers. Hron et al. [5] model creator incentives on algorithm-curated platforms. Yao
et al. [18] analyze top-K recommendation under competing content creators, and Dai et al. [3] study
incentive-aware recommender systems. Huttenlocher et al. [7] examine matching users and creators
when departures are possible. Our model differs by making human departure interact with Al supply
through an explicit population state.

Exposure, fairness, and ecosystem objectives. Exposure allocation is central in ranking and
recommendation. Singh and Joachims [17] introduce exposure fairness in rankings, and Patro et al.
[12] study two-sided fairness in personalized recommendation. Our welfare criterion is viewer-side
stage satisfaction, but exposure matters because it controls future human participation. The ecology
channel in our model is not a fairness constraint; it is a smooth, diversity-based mechanism through
which a balanced and active human creator ecology can improve future Al quality. Its diversity
component follows the Shannon diversity index used in information theory and ecology, while the
activity multiplier makes the score vanish when the human creator base is economically inactive
[4,9, 13, 16].

Feedback loops and generative AI. Feedback loops in recommender systems can amplify en-
dogenous shifts in the population state [8]. Generative Al introduces a new supply-side source in
such loops. Recent work studies generative Al in user-generated content environments [6], platform
welfare effects of Al-generated supply [19], and empirical evidence on whether generative Al crowds
out human creators [10]. We provide a stylized dynamic theory for one mechanism behind such
crowd-out: Al exposure reduces the human reference population, and the resulting human decline
feeds back into satisfaction and Al quality.

3 Problem setup

3.1 Platform, policy, and state

Let K = {1,..., K} be viewer groups and £ = {1,..., L} be creator fields. Time is discrete. The
platform policy is a row-stochastic routing matrix

L
H:{weRfXL:Zwkgzlforeveryk}. @)
=1
The state is
xy = (ve, he, 0) € RfHL, 2

where v; € Rf is the viewer population, h; € Ri is the human creator population, and 6, € R{; is
the Al shadow creator population.

Inside a routed field, exposure is split by primitive human-share parameters o, € [0, 1]. Under policy
w, field £ receives human and Al exposure

K

ey (v;m) = Z OktTkeVk, 3)
k=1
K

e (v;m) =) (1 — 0ke)Trevs. 4)
k=1

The total exposure in field £ is el + e = 3", mpovp.
The smoothed human share in field 7 is

he + €,
he + 0 + 2¢, ’

so ry € (0,1) on the nonnegative orthant. Given target share w, € (0,1) and sensitivity x;, > 0,
define

re(h,0) = e >0, )

me(r) = exp{—re(r — we)?}. (6)
This term is maximized when the realized human share matches the target.



3.2 Quality, satisfaction, and reference populations

Human quality in field ¢ for viewer group k is f{(h). Intrinsic Al quality is ﬁ“}(@g). Al quality also
depends on human data in the same field and on a global human ecology score. Let

de(he) = log(1 + he), @)
h: +eg L
(h) = —2—2 De,(h) = — (h)logp,(h), (8)
pj(h) ST (et en) (h) ;Pa( )logp;(h)
L
L
g (h) = EJ:l d Eep(h) = acy(h)Dey (R), ©

Z]L'lzl h] + LGE ’

with eg > 0. The component D, is the smoothed Shannon diversity of the human distribution across
fields. Shannon diversity is a standard basis for ecological diversity and evenness diagnostics; the
smoothing avoids boundary singularities. The multiplier a., is an activity correction: it drives &, to
zero when total human creator activity is zero, so a formally uniform but inactive creator distribution
is not counted as a healthy ecology. Thus &, is the reported ecology quantity in the simulations and
the object that enters Al quality; raw diversity is not treated as a separate experimental outcome.

The full AI quality contribution is

Fie@rshe, h) = FL3(60) + 1 de(he) + 7" Eey (). (10)
Define the field quality aggregate
Qre(h,0) = i + ove [ (he) + (1 = oxe) fie(0c; he, h). (1D
The satisfaction of viewer group k is
L
sk(h,0;m) = > mrem(ro(h, 0))Qre(h, 0). (12)
=1

Each viewer group has a reference-population map A\ : R — R,. Each human field has h, : R, —
R, and each Al field has 6, : R, — R_. Human participation is reduced by human cost ¢, > 0 and
crowd-out &, > 0.

For fixed 7, define the best responses
BRy, (23m) = A (sk(h, 0;m)), (13)
he(ef (v; 7))

BRY (z;7) = —c , 14
¢ (z;7) 1+ &0, ¢ N (14)
BR7 (x; ™) = Ou(ef! (v ), (15)

where [z]+ = max{z,0}. With relaxation parameters 7y, nm,n4 € (0, 1], the dynamics are
Zer1 = gz, m) = x¢ + H{BR(x4;7) — 24}, (16)

where
H = diag(nv, - -s0v, N, -+ N 1A, - -5 1]A)- (17)
K L L

3.3 Standing primitive assumptions
The next assumptions are imposed on primitive maps and on the state domain. They do not refer to
an unknown equilibrium.

Assumption 3.1 (Primitive boundedness and continuity). There exist finite constants
Vmaxv Hmaxa Amax > 0 such that

0 S 5\k(S) S Vmaxa 0 S BZ(G) é HmaX7 0 S 0_@(6) S Amax (18)

for all k, £ and all arguments in their domains. The maps i, hes 64, f,g, f,f‘g are continuous on their
domains, and hy, 0y are nondecreasing. The smoothing constants satisfy €,,eg > 0.



The compact state domain is
X = [O>VmaX]K X [OaHmax]L X [O7Amax]L~ (]9)

All fixed-policy results below are stated for initial conditions zy € X'. This is not restrictive for
bounded reference maps: after one update the best-response component is in X', and convex relaxation
keeps the trajectory in X’ whenever it starts in X

Assumption 3.2 (Nonnegative satisfaction primitives). For all k,{ and nonnegative arguments,
bre > 0, fH1 >0, ff, > 0, vla*a > 0, and v*™* > 0.

Assumption 3.2 is used only when we claim nonnegativity of satisfaction and welfare. Existence and
convergence do not require it.

Let
Qmax =max |bge| + max  sup |fﬁ(h)| + max  sup ’f,ﬁg(a)’
ke kL hel0, Hmax] Kl 4e[0, Amax] (20)
+ H}C%X yg;‘ta log(1 4+ Hpax) + 7 log L.

Since my < 1 and the policy rows sum to one, every satisfaction coordinate on X lies in
[*Qmax; Qmax]~ Also set Emax = Kvmax-

Assumption 3.3 (Lipschitz primitives on the relevant compact sets). The maps f,g are Lipschitz on
[0, Hiax), the maps f,ﬁ are Lipschitz on [0, Amax], the maps N\, are Lipschitz on [—Qumax, Qmax)»
and the maps hy, 0, are Lipschitz on [0, Ep,ax]. Let the maximum Lipschitz constants be denoted by
LfH, LfA, L,\, Lh, and Lg.

Definition 3.4 (Derivative notation). For a map F : R? x RP — R™ that is differentiable at (z,T),
D, F(x,7) denotes the Jacobian of F with respect to the state variable x, regarded as a linear map

from R to R™. The notation O, F (z,T) denotes the derivative with respect to the scalar or vector
parameter T with x held fixed.

3.4 Induced game and welfare

For fixed 7, the best responses arise from a simple concave game. Viewer group k chooses vy > 0
and has utility

2
un (i) = v A (si (b, 05 m)) — . e
Human field ¢ chooses hy > 0 and has utility
he(el (v; 7)) ) h?
H ¢ \U; ¢
uy (x;m) =hy | —— —cr | — —. 22
o = no (M) o) @)
Al field ¢ chooses 8y > 0 and has utility
_ 62
ug (z;m) = 00u(eq! (vi ™) = - (23)

Each utility is strictly concave in its own scalar action, giving the best responses in (13)-(15).

The stage welfare criterion is viewer-side satisfaction
K
W(mx) = kask(h, ;). (24)
k=1

Proposition 3.5 (Well-defined welfare and nonnegativity). Under Assumption 3.1, W (; ) is well
defined for every (7, x) € Il x X. Under Assumption 3.2, W (mw; x) > 0.

4 Fixed-policy equilibrium and convergence

4.1 Equilibrium, steady state, and dropout

Proposition 4.1 (Nash equilibria, best-response fixed points, and steady states). Fix w € Il. A state
x* € X is a Nash equilibrium of the induced participation game if and only if * = BR(z*; 7). It is
a steady state of (16) if and only if z* = BR(x*; 7). Hence the three notions coincide.



Theorem 4.2 (Existence and forward invariance). Under Assumption 3.1, for every fixed policy
m € 11, the map x — g(x,m) has at least one fixed point in X. Moreover, if xqg € X, then the
trajectory generated by (16) remains in X for all t > 0.

Proposition 4.3 (Field-wise human dropout). Fix w € Il and x € X. For field ¢,
BRI (z;7m) =0 <= hy(ell (v;m)) < co(1+&by). (25)

In particular, larger human cost and larger Al crowd-out both weakly enlarge the dropout region.

4.2 A comparison matrix for global convergence
Let A (7), A%(r) € RE*X be the exposure matrices

Ag () = oremre, A () = (1 = ore)Tre- (26)
Then e (v; ) = AH (7)v and e (v; 1) = A4 (7).

Lemma 4.4 (Block Lipschitz bounds). Under Assumptions 3.1 and 3.3, for every fixed m € Il there
exist finite constants Ls g and L _a such that for all x = (v, h,8) and &’ = (v/,#',0") in X,

Is(h, 0;70) — s(h', 0" 7)|| < Logr |lh— B + Ly.a |0 — 0], 27)
e (v;m) = e (W5 )| < [| AT ()], lv =2l (28)
e (vs ) — e (Vs )| < [| A4 ()|, lv = '] (29)

Moreover, with 2, = maxy &y,

he(e) (e
1+&0 14 &0

< Lple — €|+ EmaxHmax [0 — 0'] . (30)

For two states z = (v, h,0) and 2’ = (v', 1/, 0"), define the block-distance vector

Jo =o'l
A(z,z") = [|[h = 1| € RE. 31)
16— 0]
The comparison matrix is
I—nv nvLxLeg  nvLyLsa
M(x) = |naLn |A"(m)],  1=na  noEmexHmax | . (32)
77AL9|AA(7T)H2 0 1_77A
Lemma 4.5 (Comparison inequality). Forall x,z' € X,
A(g(x, ), g2’ 7)) < M(m)A(z, ") (33)

componentwise.

Theorem 4.6 (Unique steady state and global geometric convergence). Fix m € Il and suppose
p(M(m)) < 1, where p(-) denotes spectral radius. Then the fixed-policy dynamic has a unique
steady-state equilibrium x*(7) € X. For every xo € X, the trajectory under m; = T converges to
x* () geometrically under a weighted block-max norm. In particular, no nontrivial periodic orbit
exists in X under this condition.

Simulation counterpart. The baseline trajectory in Figure 1 is the direct numerical analogue of
the fixed-policy theory: the three population blocks settle to a steady state, welfare and ecology
stabilize, and the best-response residuals vanish. The limiting residual span is 2.16 x 10~ in Table 2,
so the numerical endpoint satisfies the fixed-point equations to machine precision. This does not
prove the spectral condition, but it checks the qualitative prediction of Theorem 4.6 in the baseline
parameterization.

5 Two-field comparative statics and support regimes

This section specializes to K = L = 2. The aim is to keep three issues separate: support regimes,
local equilibrium sensitivity, and the dynamic role of relaxation. We write x = (v1, ve, h1, ha, 01, 02).



5.1 Primitive support certificates

Define the primitive viewer floor

f Ae(s),  k=1,2. (34)

yk = in
€[~ Qmax,Qmax]

Because \j, maps into R, these floors are automatically nonnegative. No additional nonnegativity
assumption is needed. The lower exposure bounds induced by policy 7 are

2 2
e (1) =Y onemrevy, (1) =Y (1= oke)Trevy (35)
k=1 k=1
They are also automatically nonnegative. Let
. he(ef! (7))
Uy= sup hyle), Ay(m) = ———2—, (36)
€€[0, Emax] (© () 1+ & Amax

The quantity A (7) is a primitive survival certificate: it uses the worst allowed Al mass Ay, x and the
lower human-exposure bound. The quantity Uy, is a primitive upper bound on the human reference
population.

Theorem 5.1 (Two-field human-support certificates). Fix a policy w and a subset S C {1,2}. If
co < Ag(mw) foreveryl € S, ce > Uy foreveryl ¢S, 37)
then every fixed-policy equilibrium has human support S:
hy >0 fort e S, h; =0fort ¢S. (38)

Consequently, the four regimes have the following primitive certificates:

Regime Sufficient primitive conditions
Both human fields active ¢1 < Ay (m) and cg < Az(m)
Only field 1 active c1 < Ay (m) and co > Us
Only field 2 active co < Ao(m)and ¢y > Un

No human field active cp > Ui and co > Uy

The certificates are sufficient rather than necessary. The undecided band Ay(7) < ¢ < Uy is
precisely where the primitive lower and upper bounds do not determine the field’s support for all
equilibria.

5.2 Human-cost multiplier

Let co(a) = ac) with a > 0 and ¢ > 0. The preceding theorem immediately gives explicit intervals.

Corollary 5.2 (Cost-scale intervals for the four support regimes). Fix m. Define a, = A¢(7)/c) and
Up = Ug/Cg. Then every equilibrium has:

both fields active  if « < min{ay,as}, (39
only field 1 active ifus < a < aj, (40)
only field 2 active ifu; < a < ag, (41)

no human field active  if o > max{uy, us}. (42)

The one-field intervals are nonempty only when their left endpoint is smaller than their right endpoint.

Simulation counterpart. The cost sweep in Figure 3 implements the same threshold mechanism
in the four-field synthetic environment. Human mass falls from 2.589 at zero cost to 0.404 at cost
multiplier 2.0; at that point at least one field has already dropped out because the minimum field-level
human population is numerically zero, while the maximum field-level human population remains
0.217. At multiplier 3.0 and above, all human fields are numerically extinct and welfare stays at
the Al-only plateau of 1.812; see Table 5. The transition is sharper than the primitive sufficient
certificates because those certificates are uniform over all equilibria in the compact domain.



5.3 Crowd-out coefficient in one field

Now fix all primitives except {; for one field j € {1, 2}. Let ¢ denote the other field. Define

Bj(n) = hy(ej'(m)),  8;(m) = (e (). 43)
The floor 0; (7) is nonnegative by construction. A strictly positive floor is needed only to obtain a
finite off-threshold in &;.

Assume c; > 0 and define the active and inactive certificates

on _ L M _
e = g (P47 -1)) “
maX{O,Uje/c(jW;l}, 0;(m) >0,
off _ =J
fj (7‘&')— 0, ! Qj(w):OandchUj, (+)
100, 0;(m)=0and c; < Uj.

When £7" < 0, the primitive active certificate is empty.
Theorem 5.3 (Crowd-out thresholds and two-field support). Fix 7 and vary only &;.

1 If0 < & < &§3"(m), then field j is active at every equilibrium.
2. If& > {;H (m), then field j is inactive at every equilibrium.

Combining these two statements with the primitive status of field i gives all four two-field support
regimes. For example, if ¢; < A;(m) and &; > {;’H(ﬂ), then only field i is active; if ¢; > U; and
& > f;—jff(ﬂ'), then no human field is active.

5.4 Local target-share sensitivity

Let 7 be a scalar parameter and write F'(z,7) = BR(x;7,7) — z. A local sensitivity formula
requires differentiability and an invertible Jacobian at the equilibrium under consideration. This is not
a standing assumption on the model; it is a local regularity condition for the following calculation.
Theorem 5.4 (Local equilibrium sensitivity). Suppose xg satisfies F(xo,79) = 0. For each human
coordinate, assume that the pre-projection term in (14) has a strict local sign near (xq, 79): either
it is strictly positive in a neighborhood, so [ is locally the identity, or it is strictly negative in a
neighborhood, so || is locally the zero map. Assume also that all primitive maps entering BR are
C' in that neighborhood and that Is — D, BR(zo; 7, 70) is invertible. Then there is a unique C*
equilibrium branch T — x* (1) near o with x*(79) = xo, and

(;x = (Is — Dy BR(z*(7);m, 7)) "' 0 BR(z*(7); 7, 7). (46)
-
The reduced welfare W(1) = W (m; x*(7), T) satisfies

dw . da* .

? - DzW(ﬂ-ﬂ‘T (7_)77—) dr + 8TW(7T’ € (T),T). (47)

Consider a common target share w; = ws = w. Let

2
By(z) = kaﬂszu(h, 6), L=1,2. (48)
k=1

Under Assumption 3.2, By(x) > 0.
Proposition 5.5 (Target-share derivative). Under the conditions of Theorem 5.4 with T = w,

2
(iTW = " 2%} — w)me(r}) Be(a*) + D,W (I — D, BR) ™ 0., BR, (49)
w
/=1

where all quantities on the right are evaluated at (x*(w),w). If 17 = r5 = w at some regular
equilibrium, then 9, BR = 0, dz*/dw = 0, and dW/dw = 0 at that point.

The direct term in (49) is positive when the realized share is above target and negative when it is
below target. Thus, if the equilibrium human share is around 0.39, increasing a common target far
beyond that value depresses the mixture factor and can reduce welfare.



Simulation counterpart. Figure 4 shows this derivative logic in the common-target sweep. Welfare
peaks at w = 0.40, where the realized mean human share is 0.391 and the mean mixture factor is
0.977. When the target is raised to 0.95, the realized share remains only 0.376, the target-realization
gap grows to 0.574, the mean mixture factor falls to 0.374, and welfare drops to 1.195.

5.5 Relaxation parameter
Suppose all blocks use a common relaxation parameter n € (0, 1]:
gn(z;m) = (1 —n)z + nBR(x; 7). (50)
Proposition 5.6 (Relaxation does not move the fixed-point set). For everyn € (0, 1],
gp(x;m) =2 <= BR(x;7m) =2 (51)

Therefore 1) does not create a new equilibrium and does not move an existing equilibrium. It changes
the path and stability of the relaxed dynamic.

In the common- case, (32) takes the form

My (m) = (1 —n)I3 +nC(n), (52)
where
0 L)\LS’H L)\LS,A
C(’]‘[‘) = | Ly AH(’TT)||2 0 EmaxHmax | . (53)
L0 AA(W)HQ 0 0

Theorem 5.7 (Global rate effect of common relaxation). If p(C(w)) < 1, then for everyn € (0,1]
the fixed-policy dynamic has the same unique steady-state equilibrium and converges globally to it.

Moreover,
p(My(m)) =1 —n{l — p(C(m))}, (54)

which is strictly decreasing in 1.

The preceding theorem is a global comparison result. Local stability can still fail outside the
contraction region.

Theorem 5.8 (Local stability threshold). Suppose BR(-;7) is C* near a fixed point x*, and let
J = D, BR(z*; 7). Then
Dagy(a”;m) = (1 =n)I +nJ. (55)

The linearized dynamic is Schur stable if and only if |1 — 1 + nv| < 1 for every eigenvalue v of J; in
that case x* is locally asymptotically stable for the nonlinear relaxed dynamic. If some multiplier
has modulus larger than one, the fixed point is linearly unstable. For a real eigenvalue v < —1, the
corresponding multiplier crosses —1 at

2
THip = 1_p € (05 1)7 (56)
so increasing 1 past this threshold destabilizes that linear mode.

Simulation counterpart. The relaxation sweep in Figure 2 separates fixed-point location from
dynamic stability. For n € [0.10, 0.90], the limiting viewer, human, AL, and welfare values agree up
to numerical precision. At = 0.95 and n = 1.00, the same experimental family enters a period-two
regime, with tail spans 0.914 and 1.123, respectively. The period-two aggregate cycle alternates
between (v, h, 0) = (0.424,1.597,1.408) and (2.880, 0, 0.465); see Table 4. The high-slope sweep
in Figure 2 further shows persistent period-four behavior in the high-relaxation, high-slope region,
matching the local flip-mode interpretation of Theorem 5.8.

6 One-field benchmark

The case K = L = 1 removes cross-field notation and exposes the basic coexistence mechanism. Let
v be the viewer population, h the human population, 6 the Al population, and ¢ € [0, 1] the human



exposure share. Since L = 1, the cross-field diversity component is zero. The equations are

efl = o, et = (1 - o), (57)
h+ e
(0 0) = 5 5 mi(r) = exp{~r(r — w)*}, (58)
g(h,0) = b+ of " (h) + (1 — 9){f*(0) +v**** log(1 + h)}, (59)
s(h,0) = m(r(h,0))q(h,0). (60)
The equilibrium system is
v = Xs(h,0)), (61)
_ [ hlev) ]
h_{1+£9 c+, (62)
0=0((1- o). (63)

Proposition 6.1 (Extreme routing shares). Assume 0(0) = 0 and h(0) < c. If o = 1, every
equilibrium satisfies 6* = 0. If o = 0, every equilibrium satisfies h* = 0.

Let B B
V= inf A(s), U= sup A(s). (64)
56[*Qmax;Qmax] ( ) Se[*Qmaxanax] ( )
Theorem 6.2 (Primitive one-field coexistence and extinction). Assume h and 0 are nondecreasing
and ¢ € (0,1).
1. If0((1 — o)v) > 0 and ~
h(ev)
C<IT A (65)
then every equilibrium is mixed: h* > 0 and 6* > 0.
2. 1f .
c¢> sup h(pz), (66)
2€[0,7]

then every equilibrium satisfies h* = 0.

The first part uses the lower viewer floor and the worst allowed Al mass, so it is conservative. The
second part uses an upper human-reference bound and is also primitive.

Corollary 6.3 (Routing-share regions). Assume the hypotheses of Theorem 6.2, 0 < v < v, his
continuous and strictly increasing, and 6(e) > 0 for e > €%, where €% = sup{e > 0: 6(e) = 0}.
Let h* (y) = inf{e > 0 : h(e) > y}, with the convention that the infimum is +00 when the set is
empty. A primitive mixed-region certificate is

z 0
0> h (C(l + EAmax)) and 0 < 1— eiA (67)
v

v

If ¢ > h(0), a primitive human-extinction certificate is
B<—

QSmiH{L(C)}- (63)
v

Proposition 6.4 (More Al is not always better at fixed human mass). Assume Assumption 3.2,

0 € (0,1), and f* is C* with nonnegative derivative. Fix v > 0 and h > 0, and define ©,(0) =
vm(r(h,8))q(h,0). Then

h+e,

——q(h,0)] . 69
(h+6+2€r)2q( .0) (69)
Ifb, = (h+e)/w—h—2¢ > 0and q(h,0) > 0o0n[0,0,), then ©y, is increasing on [0, 0,,]. If, in
addition, there are 0. € [0,,,0) and 0 > 0, such that ©} (0) > 0 while the negative mixture term
dominates the intrinsic Al-quality derivative at 6 in (69), then ©y, has an interior local maximizer in

(05, 0).

©4,(0) = vm(r(h,0)) | (1 — o) (f*)'(6) + 2k(r(h,0) — w)

10



7 Experiments

7.1 Simulation protocol and diagnostics

The experiments are mechanism checks rather than empirical estimates. They use the same update
equations as the theory with K = L = 4 viewer groups and creator fields. All random primitives
are generated once from a fixed seed and then held fixed within a sweep unless the sweep explicitly
changes a parameter. The human and intrinsic Al quality functions are the saturating maps

fit(he) = afh{1 — exp(—uiyhe)}, Fib(00) = afy{1 — exp(—uiy,00)}- (70)

The reference-population maps are logistic caps,

Mi(s) = CYa(BY (s =), hule) = Cifa(B (e~ 7/1)),  Oele) = Cio(Bi (e — ")), (TD)

where o(z) = 1/(1 + e #). For a trajectory z, 1, . .., Z7, each reported limiting statistic is the
average over a terminal window. The numerical tail span is

1
san-:maxx—fgx ) 2
Pt = |7 T ] 2 | "

where 7 is the terminal window. A run is declared converged when the terminal one-step displacement
and the mean period-one tail distance are below tolerance; a period-p run is declared when the mean
lag-p tail distance is below tolerance while the lag-one distance is not. These labels are diagnostics
only; the theory itself is stated in terms of fixed points and spectral conditions.

Unless otherwise specified, the baseline uses common relaxation 7common = 0.7, block relaxations
(nv,nm,na) = (0.385,0.525,0.665), mean human cost 0.269, mean crowd-out coefficient 0.228,
mean target share 0.507, and mean human routing share 0.508. The medium initial condition is
vg = 0.401, hy = 0.701, and 6y = 0.151; the strike-state diagnostic instead sets one human field to
activity level 1.0 and the remaining human fields to zero. The figures and tables in this section are
exported from the simulation output included with the submission package. The executable notebook
is CPU-only, uses the standard Python scientific stack, and does not train any model or require a
GPU; each trajectory stores only the K 4 2L = 12 state coordinates and scalar diagnostics, so the
memory footprint is small and the full exported output bundle is under 5 MB. We report the ecology
score &, not the raw Shannon diversity component, because only the activity-adjusted quantity
enters Al quality in (9) and because raw diversity can be visually misleading near human extinction.

The experiments cover the fixed-policy convergence result, the dynamic role of relaxation, the cost-
induced support transition, the target-share derivative, and the ecology channel. The suite does
not include an isolated one-field Al-mass sweep or an isolated single-field crowd-out sweep, so
Proposition 6.4 and Theorem 5.3 remain analytic diagnostics in this paper.

Table 1: Main theory-to-simulation correspondences.

Theory result Output Observed pattern

Fixed-policy convergence Figure 1, Table 2 Population paths converge and the residual span is 2.16 x 1012,

Relaxation and local stability ~ Figure 2, Table 4 Stable 7 values share the same limit; high 7 generates period-two
and period-four cycles.

Cost support thresholds Figure 3, Table 5 Multiplier 2.0 creates field-level dropout; multiplier 3.0 gives
all-field dropout.

Target matching Figure 4 Welfare peaks at w = 0.40, close to realized human share 0.391.

Ecology smoothing Figure 5, Table 3 Balanced routing preserves more ecology; the ecology score

changes nonmonotonically with € £ near an almost extinct field.

7.2 Baseline convergence and policy comparison

Figure 1 shows the baseline fixed-policy trajectory. The state converges rapidly; welfare, satisfaction,
field-level human shares, and the best-response gaps stabilize in a way consistent with the fixed-point
equations. Table 2 reports the limiting summary. The platform sustains positive viewer, human, and
Al populations, and its ecology score is 1.269. The realized mean human share is 0.391, below the

11



Baseline: total populations Baseline: welfare and mean viewer satisfaction

4.0 1

3.54

3.0

2,54 —— stage welfare
mean viewer satisfaction
2.0 31
1.54
. . 24
—— viewer population
107 human population
—— Al population i
0.5 4 . y —
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
t t
(a) Population blocks. (b) Welfare and satisfaction.
Baseline: field-level human shares Baseline: best-response gaps
0.8 — fieldl — field3 — viewer gap
field2 —— field 4 human gap

o
®

— Algap

e
S

o

o
4
o

o
=

o
[

human share

o
'S

norm of BR minus current state

o
S
=
s ™%
o N
—

(c) Field-level human shares. (d) Best-response gaps.

Figure 1: Baseline fixed-policy dynamics. The state converges to a steady state and the best-response
residuals vanish.

Table 2: Baseline limiting statistics.

Status Viewers Human Al  Welfare  Satisf. Mix Human share Ecology
Converged 4.080 1.465 2.245 5763 1414 0952 0.391 1.269

average target share 0.507. This gap is important for the target-share experiment below: when the
target is set too high relative to the sustainable human share, the mixture factor penalizes welfare.

Table 3 compares three fixed policies. The hot policy maximizes stage welfare and viewer satisfaction
in this synthetic instance, but it has lower ecology than the balanced-preference policy. The anti-hot
policy preserves a similar ecology score but loses substantial welfare. The comparison illustrates why
stage welfare, human support, and ecology should be diagnosed jointly.

7.3 Relaxation, instability, and cycles

The relaxation sweep directly illustrates Propositions 5.6 and Theorems 5.7-5.8. For n < 0.90, the
welfare curve is essentially flat after transients: the fixed point is the same, while the path speed
changes. Atn = 0.95 and n = 1.00, the system no longer converges to the fixed point and instead
exhibits a period-two tail. In the full n-slope grid, nonconvergence concentrates where both the
relaxation and the reference-map slopes are large, which is the regime where negative local modes
can be pushed past the Schur boundary.

The high-slope diagnostic also produces a period-four orbit at 7 = 1.00 and slope scale 4.00. Across
its four phases, aggregate human mass alternates between about 1.79 and zero, while viewer mass
alternates between very low and high states. This is consistent with a delayed overreaction: when
viewers surge, Al exposure expands and human support collapses; the next phase reverses the
imbalance.

7.4 Human costs and support transitions

Figure 3 varies the human-cost multiplier. Welfare and human population decline monotonically in
the sweep, while Al population declines more slowly. The field-level statistics in Table 5 show a clear

12



Table 3: Fixed-policy comparison.

Policy Viewers Human Al  Welfare Satisf. Ecology
Anti-hot 2.392 1.142  1.874 1.430  0.587 1.261
Balanced-pref 4.080 1.465 2.245 5.763 1.414 1.269
Hot 4.475 1.508 2.346 7329  1.642 1.256
Eta sweep: welfare Eta sweep: tail span

tail welfare
N
o
tail span
) o
- o

I
)

=]
w

o

o

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
eta_common eta_common

(a) Welfare versus relaxation. (b) Tail span versus relaxation.

Status code over the full eta-slope range

Period-2 regime: total populations

3.0 - -
—— viewer population

~— human population
—— Al population

2.5+

2.09

e_scale
g
Ny
&

1.54

slop

1.04

0.5

= $—4 0.0

0.050.10.150.20.250.30.350.40.450.50.550.60.650.70.750.80.850.90.95 1 0 100 200 300 400
eta_common .

(c) Status over 7 and slope. (d) Representative period-two path.

Figure 2: Relaxation controls dynamic stability. The fixed point is stable for moderate 7, while high
relaxation and steep reference maps produce cycles.

support transition. At multiplier 2.0, the minimum field-level human population is already zero while
the maximum remains positive, so the system has entered a partial-dropout regime. At multiplier
3.0, all field-level human populations are numerically zero. The ecology score collapses with human
activity, confirming that (9) measures an active ecosystem rather than merely a normalized distribution
over fields.

7.5 Target human share

Figure 4 varies the common target share w. The realized mean human share is stable near 0.39 over a
broad range of targets. Consequently, the target-realization gap is smallest near w = 0.40, and both
the mixture factor and welfare peak there. When w is increased beyond what the equilibrium can
support, the mixture factor declines sharply and pulls down welfare. This is the direct comparative-
static mechanism in Proposition 5.5: the direct welfare derivative changes sign when the target crosses
the realized share.

7.6 Ecology smoothing and near-extinction diagnostics

The ecology score in (9) combines field balance with total human activity. The strike-state diagnostic
in Figure 5 varies e near an initialization in which one human field is active and the other fields
begin at zero. The status heatmap shows that the smoothing scale does not by itself cure aggressive re-
laxation: at Ncommon = 1.00 every sampled e value remains period-two. Along the one-dimensional
€p sweep, the tail ecology score is nonmonotone: it rises as smoothing regularizes the nearly extinct
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Table 4: Aggregate period-two cycle at n = 1.00.

Block Cycle point A Cycle point B

Viewer 0.424 2.880
Human 1.597 0.000
Al 1.408 0.465
Human-cost sweep: welfare Human-cost sweep: tail populations
71 —&— viewer population
44 human population

—8— Al population

tail welfare
~N

34 1
2
ol
0 1 2 3 a 5 6 7 8 0 1 2 3 a 5 6 7 8
human cost multiplier human cost multiplier
(a) Welfare. (b) Population blocks.

Human-cost sweep: tail ecology

1.4
Population paths at human cost multiplier=2.5
1.24 —— viewer population
3.0 human population
1.0 —— Al population
2.5
8081
2 2.0
S
2061
) 1.5
0.4+
1.04
0.2
0.5
0.01 . . ° . °
T T T T T T T T - 0.0
0 1 2 3 4 5 6 7 8 0 50 100 150 200 250 300 350
human cost multiplier t
(c) Ecology. (d) Intermediate-cost path.

Figure 3: Human-cost sweep. Higher human cost first creates field-level dropout and then all-field
human extinction.

fields, peaks around ez = 0.086 with ecology about 0.391, and then falls as excessive smoothing
dilutes the activity signal. The corresponding welfare curve changes much less smoothly because it
also depends on population scale and quality. These diagnostics motivate reporting the ecology score
itself: it is smooth enough for the theory, but it does not treat a nearly inactive human base as healthy.
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Table 5: Selected cost-sweep support outcomes.
Cost mult.  Viewers Human Al  Minfield h Max field h

0.0 4.369 2.589 2313 0.521 0.770
1.0 4.080 1.465 2.245 0.232 0.495
2.0 3.123 0.404 2.024 0.000 0.217
2.5 2.756 0.084 1.961 0.000 0.067
3.0 2.597 0.000 1.934 0.000 0.000
7.0 2.597 0.000 1.934 0.000 0.000

Omega sweep: welfare

6 Omega sweep: realized mean human share
0.392
0.390
51 o
£ o388
54 § 0386
g 2 0384
<o
= 3
83 £ 0.382
K]
N 0.380
2
0.378
0.376
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
omega omega
(a) Welfare. (b) Realized human share.
Omega sweep: mean mixing factor Omega sweep: target-realization gap
1.0 0.6
0.9 0.5
5081 0.4
8 g
> <)
£ 0.7 £ 034
3 i
<06 2
§ 0.6 ® 02
€
0.5
0.1
0.4
0.0 1
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
omega omega
(c) Mean mixture factor. (d) Target-realization gap.

Figure 4: Common target-share sweep. Welfare peaks where the target is close to the realized human
share.

Table 6: Selected target-share outcomes.

w Viewers Human Al  Welfare Mean mix
0.20 3.886 1.406 2.217 5.108 0.870
0.35 4.142 1.467 2.264 5.975 0.968
0.40 4.153 1.474 2264 6.018 0.977
0.55 3.942 1.447 2.210 5.312 0.918
0.80 2912 1.258 1.981 2.512 0.598
0.95 2.236 1.124  1.840 1.195 0.374
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Tail activity-adjusted ecology

Strike-state status over the full eta-epsilon_E range .00 0.400
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Figure 5: Ecology smoothing diagnostics. The reported ecology score is activity-adjusted and remains
tied to the economically active human creator base.
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8 Limitations and discussion

There are some limitations in this study. It focuses on fixed policies rather than solving a dynamic
policy-optimization problem. The sufficient support certificates are conservative because they must
hold uniformly for all equilibria in the compact domain. The experiments are synthetic and should be
read as mechanism checks rather than empirical estimates. The deterministic mean-field dynamics
abstract away from stochastic arrivals, creator heterogeneity within a field, strategic content adaptation,
and platform learning. These abstractions make the fixed-point theory transparent, but they also leave
several open directions: policy design under stability constraints, empirical calibration of crowd-out,
stochastic versions of the dropout thresholds, and welfare criteria that explicitly price human ecology
rather than allowing it to enter only through satisfaction.

The societal implication is two-sided. On the positive side, explicit participation dynamics can help
platforms audit whether Al supply policies preserve human creator activity and ecological balance.
On the negative side, the same model class could be used to tune recommendation or automation
policies that increase short-run engagement while accelerating human creator crowd-out. The results
should therefore be interpreted as a diagnostic framework for stability and participation risk, not as a
recipe for suppressing human creators.

9 Conclusion

This paper develops a participation-dynamic model for two-sided platforms with human creators and
Al shadow creators. The theory separates equilibrium support, global convergence, and relaxation-
driven instability. Human dropout is controlled by primitive exposure, cost, and crowd-out thresholds.
The common relaxation parameter changes convergence and local stability, not the equilibrium
equations. The simulations show that Al supply can coexist with humans in stable regimes, but can
also accelerate human dropout or produce cycles when the dynamic response is too aggressive. The
main lesson is that recommendation policies for Al-rich platforms should be evaluated not only by
current viewer satisfaction, but also by the participation states they induce on both sides of the market.
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A  Proofs

This appendix gives the complete mathematical verification of all formal claims in the main text.
Throughout, 7 is fixed unless a proof explicitly varies it, and all norms are Euclidean norms except for
the weighted block-max norm introduced in the proof of Theorem 4.6. Every theorem, proposition,
lemma, and corollary stated in the main text has a corresponding proof below with the same label.

A.1 Preliminary bounds used repeatedly

We first record two elementary facts that are used in several proofs. Assumption 3.1 implies that
every best-response coordinate is bounded by the corresponding side of the compact box X’. Indeed,

0 <BR} (z;7) = Me(5x (R, 0; 7)) < Vinax, (73)
he(el (v;T)) he(el (v;T))
0< BRI (g;7) = |2 M)\ LT oy 74
< BRy (z;7) 1+ &0, e+_ T+ 60, = (74)
and B
0< BRf(x;ﬂ) = Hg(ef(v; 7)) < Apmax- (75)

Thus BR(X;7) C X.

Second, every exposure coordinate generated by a state in X lies in [0, Epax]. Since 0 < gge < 1,
0<me <1,and 0 < v < Vipax,

K K
0 S 6?(1);71’) S ka S KVmax = EmaX7 0 S 624(7};71') S ka S Emax- (76)
k=1 k=1
The definition of Qp,ax in (20), the facts 0 < my < 1,0 < ae, < 1,and 0 < D, < log L, imply
|Qk€(ha 0)| S Qmax7 |5k(ha 9; ,/T)l S Qmax (77)

for every (h, 6) in the projection of X and every row-stochastic policy .

A.2 Proofs for Sections 3 and 4

Proof of Proposition 3.5. Fix (m,z) € II x X and write z = (v, h, #). For each field ¢,

he + 60+ 2¢, > 2€, > 0, (78)
so the smoothed share he 4+
ho)= Lo 79
is well defined and lies in (0, 1). Hence my(r,) is finite and strictly positive. Similarly,
L
Z(hi +eg) > Leg > 0, (80)

i=1
so the smoothed probabilities p; () are well defined and strictly positive. Therefore p; log p;, De,, (h),
e, (h), and &, (h) are all well defined. The data map log(1 + hy) is well defined for hy > 0, and
all primitive quality maps are continuous on their domains. Thus each Qy¢(h, 6), each satisfaction
coordinate s (h, 0; ), and finally

K
W(mz) = kask(h,ﬁ;w) (81)
k=1

are well defined.
Now impose Assumption 3.2. For every h € RE, dy(he) = log(1 + hg) > 0. Also D, (k) > 0 and
ey (h) > 0,80 &, (h) > 0. Hence

Fi5(Bs hes h) = fL4(600) + 72t log (1 + he) + €., (R) > 0. (82)

Together with by, > 0 and fZ > 0, this gives Qp¢(h,6) > 0. Since 7, > 0 and my(r,) > 0, each
summand in sy is nonnegative, and s;, > 0. Finally v;, > 0 for z € X, so each term vy sy in W is
nonnegative. Therefore W (m;z) > 0. O
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Proof of Proposition 4.1. Fix m. In the induced game, each player controls one scalar coordinate and
treats the other coordinates as fixed.

For viewer group k, the quantity sy (h, 8; 7) does not depend on the viewer’s own coordinate vy,. Let
ar = Ak(sk(h,0;7)) > 0. (83)

The viewer’s own-coordinate problem is

22

max apz — —. (84)
2>0 2
The objective is strictly concave, with derivative a; — z, so its unconstrained maximizer is z = ag.

Since aj, > 0, this is also the constrained maximizer. Thus the unique viewer best response is BRkV.

For human field ¢, e (v; 7) does not depend on h,. With

_ he(ef (vim)
by = W Ce, (85)

the human field solves )
z
bez — —. 86
max bz — (86)
The unconstrained maximizer is z = by. Projecting onto the feasible half-line gives the unique

constrained maximizer [bg] 4, which is BRZ.
For Al field ¢, e;' (v; ) does not depend on ;. With

ait = 0y(ei (v;m)) >0, (87)
the own-coordinate problem is
2
A Z
- —. 88
R @)

The unique constrained maximizer is z = ag‘, hence the Al best response is BR?.

A Nash equilibrium is therefore precisely a state at which every coordinate equals its unique best
response, i.e. z* = BR(z*; 7).

For the dynamical statement, use the relaxed update
g(x,m) =+ H{BR(z;7) — x}. (89)

The diagonal matrix H has strictly positive diagonal entries because 1y, ng,n4 € (0,1]. Conse-
quently,

g(z*,m) =2 <= H{BR(z";7m)—2*}=0 <= BR(z";7m)=2za". (90)

Thus Nash equilibria, best-response fixed points, and steady states coincide. O

Proof of Theorem 4.2. The preliminary bounds show that BR(X; ) C X. If z € X, then
g(z,7)= (I — H)x + HBR(x;7) o1

is a coordinatewise convex combination of x and BR(x; ), with weights in [0, 1]. Since X is a
product of closed intervals and therefore convex, g(z, 7) € X. This proves g(X,7) C X.

The map g(-, 7) is continuous on X. To see this, note that e and e? are linear in v; the denominators
he+0;+2¢, and 1+ §gt9,i are bounded away from zero; the maps p;, Depys eps Ecis My, and [-] 4 are
continuous; and the primitive maps are continuous by Assumption 3.1. Hence BR(-;7) and g(-, )
are continuous.

The set X' is nonempty, compact, and convex in the finite-dimensional Euclidean space R¥+2F,
Brouwer’s fixed point theorem applied to the continuous self-map g(-, 7) : X — X gives at least one
fixed point in &'

Forward invariance follows by induction. If 2; € X, then z;1 = g(x¢,7) € X. Since 29 € X,
every subsequent state remains in X' O
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Proof of Proposition 4.3. Fix x = (v, h,0) € X. Let
he(eg! (v; 7))
= — . 92
“ 1+ &be “ ©2)
The human best response is BRY (2; ) = [2¢] 1. Since [2], = 0 if and only if z < 0,

he(ef! (v; 7))

BRHJ};TF =0 <= < ¢y. 93
¢ (z;m) 1+ 60, = 93)
The denominator is strictly positive. Multiplying both sides by 1 + &,6, gives

hu(eg! (vim)) < co(1+ &b), (94)
which proves the equivalence. The right side is weakly increasing in ¢, and in &, because 6, > 0, so
increasing either parameter weakly enlarges the dropout region. O

Proof of Lemma 4.4. We prove the three building-block estimates separately.

Step 1: smooth share and mixture factor. For a fixed field /, set

h[ + €r
h0) = —————. 95
On [07 Hmax} X [07 Amax]s
1o} 0
ALk (96)
Ohy (he + 0+ 26,«)2
ory he + €,
B L 97
00, (h@ + 6 + 2€r)2 o7
Because hy + 0y + 2¢, > 2¢,., the absolute values of these derivatives are bounded by
Amax + e’I" _ Hmax Jr 67“
Cru= T a2 Cra= i (98)

The mean-value theorem yields
‘T@(h,@) — Tg(h/, 9/)| <Cru ‘he — h/@‘ +Cra |94 — 92| . (99)

The function my(r) = exp{—r¢(r —wy)?} is C* on [0, 1]. Let

Ly, = max sup 2kg |r — we| exp{—r(r — we)?} < oo. (100)
<L refo,1]
Then
[me(re) = me(rg)l < Lo |re = ol (101)

Step 2: quality aggregate. The map d(z) = log(1 + z) is 1-Lipschitz on R, because d'(z) =
1/(1+ z) < 1. The map &, is C'! on the compact cube [0, Hyax|”: the denominator in p;(h) is at
least Leg, so no singularity occurs. Hence

Lp:= sup ||DE,(h)[| < oo (102)
RE[0, Hymax] =
and
Using Assumption 3.3, for every (k, £) there are finite constants C}} and C7}, such that
|Qre(h, 0) = Que(R',0")| < Cf |h — h'|| + C |16 — 0] (104)
For example, one may take
Cie = oLy + (1= one) (7" + 1" L}, (105)
Cite = (1 = ore) Ly (106)

Let C’g = maxgy C’,f; and C’S = maxgy C,?Z.
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Step 3: satisfaction. For one row £k,

|sk(h7 07 ﬂ_) - Sk(h/a 01; 7T)|

L
< ZWM [ (re) Que(h, 0) — me(rg)Qure (W, 6')|
—1
L
<D e {lme(re) — ma(ry)[ 1Que(h, 0)] + |Que(h, 0) — Que(h',0')[}

(=1

e { QuaxLin (Cropr |he — Byl + Cr a |00 — 0,]) + CF |h = B'|| + CH 10 — 0'||} . (107)

™=

<

~
Il
—

Using Y, mpe = 1, |he — hy| < ||h — 1/||, and |6, — 6;| < ||@ — &’||, we obtain row-wise constants
Lg i and L 4 such that

|Sk(h7 9;71') - Sk(hl7 9l;”)| < ZS,H Hh - hIH + Zs,A ||9 - 9/” : (108)
Multiplying by v/K gives finite constants Lg g and L, 4 satisfying (27).

Step 4: exposure and effective human reference. The exposure maps are linear:

e (v;m) = A (m)w, ev;m) = A% (7). (109)
Therefore
HeH(v;ﬂ) — eH(v’;W)H < HA 77)”2 lo—2|
e (vsm) — e (s m)|| < ||A% ()|, lv = ') (110)
Finally, for e, e’ € [0, Fmax] and 6,6’ € [0, Amax),
h hy(e h — he(€ _ 1 1
E(e) _ @(e)/ S ’ [(6) 5(€)| +hz(€/) _ /
1+&0 14&80 14 &0 1+&0 14&0
< Lple—¢|+ H £el6 — 6]
N L &O)(L+ &)
< Lple— €|+ EmnaxHmax [0 — 0] . (111)
This proves all claimed bounds. O

Proof of Lemma 4.5. Write x = (v, h,0) and 2’ = (v',h’/,0’). The viewer block of the relaxed
update is

gv(z) = (1 — nv)v +nv BRY (a;7). (112)
Hence

llgv (z) — gv (@)l < (1 = av) o = '|| + v [[BR (a3 7T) BRY (a';7)||

(1 =nv) llo = v'll + nvLx|[s(h, 0;m) = s(W', 6"s )

(L=nv) llo =o'l + nvIxLs.m IIh Wl +nvLIaLsall0 = 0. (113)
This is the first row of M (7)A(z,z').

For the human block,

(VAN VAN VAN

gu(z) = (1 —ngm)h+ng BRH((E;W). (114)

The projection z — [z] is nonexpansive on R, so, coordinate by coordinate and then in Euclidean
norm,

|BR” (z3m) — BRY (s m)|| < La | (v3m) = e (0 )| + Bnvas Hunax 16 = ¥
< Ly || AT ()|, 1o = 0| + Zimax Hinax 10— 0] . (115)
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Therefore

lgiz (@) = g1 @) | < i L [ A7 ()|, llo = o/ + (1 = mar) 1B = 1| + 0t Ena Hons 16— 1]
(116)

which is the second row.
For the Al block,

[BR? (z;7) — BRA(/s m)|| < Lo |Je? (v;m) — e (v/;m)[| < Lo | A ()|, llo =] (117)
Thus

lga(x) = ga(@)|l < naLe [[A* ()|, o =" + (L = na) |6 - '], (118)
which is the third row. Combining the three block inequalities gives the componentwise comparison
inequality. O

Proof of Theorem 4.6. Theorem 4.2 already gives at least one fixed point in X'. We prove uniqueness
and global convergence.

Let M = M (w). Since M > 0 and p(M) < 1, the Neumann series converges and

w = (Ig—M)‘11:ZM"1 (119)
n=0
is a vector in R3_, . Moreover,
Mw=w-1<w (120)
componentwise. Define
M .
o = max w (121)
=123  w;

Then 0 < o < 1 and Mw < aw.
Define the weighted block-max norm

Aj(z, ')

o= = e, =) 122
If ||z — 2’|, < ¢, then A(z,2") < cw componentwise. Lemma 4.5 gives
A(g(x,m), gz’ 7)) < MA(z,2") < ceMw < caw. (123)
Therefore
lg(z, ) = g(z’, m)ll,, < el — 2’|, - (124)

Thus g(-, ) is a contraction on the complete metric space (X, ||-||,,). Banach’s fixed point theorem
yields a unique fixed point z*(7) and, for every zy € X,

lze — 2" ()], < o' [lzog — a*(7)]l,, - (125)

This is geometric convergence.

Finally, suppose a nontrivial periodic orbit of period p > 2 existed. Then g” would fix every point on
that orbit. But ¢g” is a contraction with factor at most o < 1, so it has a unique fixed point. Since
2*(m) is fixed by both g and ¢P, the unique fixed point of g is * (7). Hence no other point can lie
on a periodic orbit. This proves the final claim. O

A.3 Proofs for two-field results

Proof of Theorem 5.1. Let z* = (v*,h*,0*) be any fixed-policy equilibrium. Since z* =
BR(z*; ), the viewer coordinates satisfy

vE = Ae(s5), st = si(h*, 0% 7). (126)
The preliminary satisfaction bound gives s§ € [—Qmax; Qmax]. By definition of v,

of >, k=12 (127)
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Therefore, for every field ¢,
2 2

;= > onemrevi > Y oremrevy, = €' (7), (128)
k=1 k=1

because all coefficients are nonnegative. Also 0 < 07 < A, because z* € X.

First consider a field £ € S. Since hy is nondecreasing,

he(ef™) > ho(efl (r)). (129)
Since 0] < Anmax,
14+ 5[92 S 1+ §€Amax- (130)
Consequently,
he(eg™) - he(ef! (m)
> = =A . 131
1+ 5@92( — 1+ EZAmaX Z(ﬂ-) ( )
If ¢y < Ay(7), then the pre-projection human best response is strictly positive:
he(e;™")
— > 0. 132
L+ 66; cy (132)
Thus b} = BRY (*;7) > 0.
Now consider a field ¢ ¢ S. For any equilibrium, eé € [0, Emax), 8
hg(ez ™) < Uy (133)
If ¢ > Uy, then, because £,60; > 0,
hulel™) < Ur < e < co(1+ &87), (134)

The dropout condition in Proposition 4.3 gives h; = 0.

The four displayed regimes are obtained by substituting S = {1,2}, S = {1}, S ={2},and S = &
into the general statement. O

Proof of Corollary 5.2. With ci(a) = ac) and ¢ > 0, the active certificate c,(a) < Ag(m) is
equivalent to
Ag(m)

= qy. (135)
Cy

o <

The inactive certificate cy(a) > Uy is equivalent to
U,
a> 5 =u. (136)
o
Applying Theorem 5.1 to S = {1,2} gives both fields active when a@ < a; and o < ag, i.e.
a < min{ay,as}. Applying it to 5 = {1} gives only field 1 active when o < a7 and o > ws.
Applying it to S = {2} gives only field 2 active when & < a3 and & > wu;. Applyingitto S = &
gives no human field active when « > uq and « > wo, i.e. a > max{uy,us}. If a one-field interval
has left endpoint at least its right endpoint, no « can satisfy both inequalities, which proves the final
statement. O

Proof of Theorem 5.3. Fix the policy and all primitives except §;.

For the active certificate, suppose 0 < §; < £9"(mr). If £3" () < 0, this condition is impossible and
the statement is vacuous. Otherwise the inequality is equivalent to

¢j (1 + & Amax) < Bj(m) = hy(e]' (m)). (137)
At any equilibrium, e x> €; ( ) and 9; < Apax- Monotonicity of Bj and (137) give

hi(e™) _ (el (m))

14605 = 1+ &5 Ama

> ¢ (138)
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Therefore the human best-response pre-projection term is strictly positive, so h} > 0 at every
equilibrium.

For the inactive certificate, first suppose () > 0 and §; > f;-)ff(ﬂ'). By the definition of f;?ff, this
implies
Uj < cj(1+&0,;(m)). (139)
At equilibrium,
0F = 0;(e). (140)
As above, v} > vy, 0 e;"* > Qj‘(w). Since 6; is nondecreasing,
05 > 0;(ef' (r)) = 6;(r). (141)
Also Bj(ef’*) < U,. Combining these inequalities with (139),

hi(e;™) < Uj < ¢j(1+&8,(m)) < (1 +&05). (142)
By Proposition 4.3, h} = 0 at every equilibrium.
If ;(m) = 0 and ¢; > Uj, the definition sets f;’ff(ﬂ) = 0. For any ¢; > 0 and any equilibrium,
hi(el™) U < ¢ < ¢j(1+€0)), (143)
so field j is inactive. If () = 0 and ¢; < Uj, the definition sets £ (1) = +00, so no finite ¢;
satisfies the off-threshold condition; the statement is vacuous in that case.

The final sentence follows by combining the just-proved status of field j with Theorem 5.1 applied to
the other field .

Proof of Theorem 5.4. Let
F(z,7) = BR(z;m,7) — x. (144)

The strict local sign condition for the two human pre-projection terms means that, in a neighborhood
of (z¢, 70), each projection coordinate [z] is either the identity map applied to a strictly positive
argument or the constant zero map applied to a strictly negative argument. Thus no projection kink
is encountered locally, and the projected human best responses are C'* on the same neighborhood.
Since the remaining primitive maps entering BR are C! there, F' is C! there.

At ({,C(),TU),
D, F(x9,70) = Dy BR(xo; m,70) — Is = —(Is — D BR(z0; 7, 70)). (145)

The assumed invertibility of Is — D, BR(xo;m, ) is therefore equivalent to invertibility of
D, F(xg,70). The implicit function theorem gives an open interval I around 7, and a unique
C" function z* : I — RS such that

F(z*(1),7) =0, x*(70) = Zo. (146)
The identity F(z*(7),7) = 0 is the fixed-point identity z*(7) = BR(z*(7); 7, 7).
Differentiate this identity:

da* da*
D, BR(z*(7); 71',7')i + 0; BR(z*(1);m,7T) — T —o. (147)
dr dr
Rearranging gives
d *
(I¢ — Dy BR(z*(7);7, 7)) dx = 0; BR(z*(7);m,7), (148)
T
and inversion yields (46). Finally, the reduced welfare is the composition
W(r) = W(m;z* (1), 1), (149)
S0 (47) is the ordinary chain rule. O
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Proof of Proposition 5.5. Holding the state 2 = (v, h, ) fixed, the common target w enters welfare
only through

my(re) = exp{—re(re — w)?}. (150)
Since 7y is held fixed under the partial derivative,
Dy (re) = 264 (rg — w)me(re). (151)

Therefore

E

OW (my2,w) = Ve Do (1e) Qre(h, 0)
1

2

2k (re — w)my(ry) Z Ve Qe (h, 0)
k=1

M 1D

~

vl
-

2ke(re — w)my(re) Be(x). (152)

~
=

Applying the welfare sensitivity formula (47) from Theorem 5.4 gives

aw : oy
w O W (m; 2™ (w),w) + D, W (m; 2™ (w), w) o

Substituting (46) with 7 = w yields the displayed formula (49).

If rf = r5 = w, then d,my(r;) = 0 for both fields. Hence J,,s = 0. The human and AI best
responses do not depend directly on w; the viewer best response depends on w only through s.
Thus 9,, BR = 0. Equation (46) gives dz*/dw = 0, and the direct derivative 9,V also vanishes.
Therefore dW/dw = 0 at that equilibrium. O

(153)

Proof of Proposition 5.6. For n € (0,1],
gy(zsm) =2 <= (1—-n)z+nBR(x;71)=2 <<= n{BR(x;7)—2}=0. (154)

Since 1 > 0, the last equation is equivalent to BR(z; ) = . Hence changing 7 cannot change the
fixed-point set. O

Proof of Theorem 5.7. By Proposition 5.6, all common-7 dynamics have the same fixed-point set as
the best-response equation BR(x; 7) = x. It remains to prove that the contraction condition holds
for each 7 and to compute its comparison spectral radius.

The common-7 comparison matrix is
M, = (1—-n)I3+nC. (155)
Because I3 commutes with C, every eigenvalue of M, has the form
p=1—-—n+nv (156)

for some eigenvalue v of C'. The matrix C' is nonnegative. Perron-Frobenius theory gives a real
nonnegative eigenvalue p(C), and all other eigenvalues v satisfy |v| < p(C). Since p(C') < 1 and
n € (0,1],

1—n+n|<l-n+nlv|<1-—n+np(C) <1 (157)
For the Perron eigenvalue v = p(C'), the corresponding eigenvalue of M, is the positive real number
L=n+np(C) =1 —=n{1 = p(C)}. (158)

Therefore
p(My) =1-n{l-p(C)} <1 (159)
Theorem 4.6 then gives a unique steady-state equilibrium and global geometric convergence for every
n € (0, 1]. The displayed expression is strictly decreasing in 1 because p(C) < 1. O
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Proof of Theorem 5.8. The relaxed map is

gn(x;m) = (1 —n)x + nBR(z; 7). (160)
Differentiating at x* gives
Degy(x®;m) = (1 =n)I + 1Dy BR(z%;7) = (1 = n)I +nJ. (161)
If Jq = vq for a nonzero vector ¢, then
Dagn(a™;m)q = (L —n+nv)q. (162)

Thus the linearized multipliers are 1 — 7 + nv as v ranges over the eigenvalues of J.

A finite-dimensional discrete linear system is Schur stable if and only if every eigenvalue of its
transition matrix has modulus strictly smaller than one. This gives the stated exact criterion for the
linearized dynamic. When the criterion holds, choose any « strictly between the spectral radius
of Dyg,(x*;7) and one. There exists an equivalent vector norm for which the induced operator
norm of D, gy, (x*;7) is less than a. Since g, is C', continuity of the derivative implies that, in a
sufficiently small neighborhood of 2*, the nonlinear map is Lipschitz with constant less than one in
that norm. Hence z* is locally asymptotically stable. If a multiplier has modulus larger than one,
the linearized system expands along the corresponding generalized eigenspace, so the fixed point is
linearly unstable.

For a real eigenvalue v < —1, the corresponding multiplier is
pp=1—n+nr=1-n(1-v). (163)
Solving p,, = —1 gives

2

Maip = 7 (164)

Because v < —1, we have 1 — v > 2, 50 ngi, € (0, 1). For ) < ngip, this real multiplier lies above
—1; for > 7nqip, it lies below —1 and has modulus larger than one. This proves the flip-threshold
statement. O

A.4 Proofs for the one-field benchmark
Proof of Proposition 6.1. 1f o = 1, then e = (1 — g)v = 0 for every state. At any equilibrium,

0* = 0(e**) = 0(0) =0, (165)
by the assumption 6(0) = 0.

If o = 0, then e/ = pv = 0 for every state. At any equilibrium, the human pre-projection term is

h(0)
—c. 166
1+é0- (166)
Since 1 + £6* > 1 and h(0) < ¢, )
h0) <h(0)<c (167)
14+&6* — -
Thus the pre-projection term is nonpositive, and the dropout condition gives h* = 0. O

Proof of Theorem 6.2. Let (v*, h*,0*) be any one-field equilibrium. The satisfaction bound gives

s* € [_Qmax> Qmax], SO _
<ov* = )\(S*) <. (168)

For the mixed-regime certificate, suppose

5 h(ev)
1- —_— 1
6((1 — o)v) >0, c<y AL (169)
Since ¢ € (0,1) and @ is nondecreasing,
0" = 0((1 — 0)v*) > 0((1 — o)u) > 0. (170)

27



Also 6% < Apax and h is nondecreasing, so

h(ov™) _ _ hlev)
14+£0* — 1+ EAmax

Therefore the human pre-projection term in (62) is strictly positive, and h* > 0. Thus every
equilibrium is mixed.

> c. a7

For the extinction certificate, suppose

c> sup h(oz). (172)
z€[0,7]
Since v* € [0, 7], -
h(ov*) < c. (173)
Because 1 + £60* > 1, ~
h(ov*) < e <e(l+£6%). (174)
By Proposition 4.3, h* = 0. O

Proof of Corollary 6.3. Because 0 < v < v, all finite displayed ratios are well defined; when an
inverse value is 400, the corresponding mixed-region inequality cannot hold and the extinction
inequality is interpreted in the usual extended-real sense. We use two elementary properties of the
generalized inverse of a continuous strictly increasing function. If 2 (y) < oo and e > h* (y), then
h(e) > y. If y > h(0) and e < h* (y), then h(e) < y; when h* (y) = +o0, the same conclusion
holds because y is at least the supremum of h.

For the mixed-region certificate, assume

h*= (C(l + fAmaX))

0> . (175)
v
Then B
ov > h" (e(1 4+ €Amax)), (176)
SO -
h(gv) > (1 + §Amax), (177)
which is equivalent to (65). The second displayed condition in the corollary gives
(1—0)u> €Y. (178)
Since 0(e) > 0 for e > €Y, this implies
0((1 - o)u) > 0. (179)

Theorem 6.2 then proves that every equilibrium is mixed.

For the human-extinction certificate, assume ¢ > E(O) and

}_le
ggmin{L (C)}. (180)
v
For every z € [0,7], ~
0z < 00 < h™ (c). (181)
By the inverse property stated above, h(0z) < c. Hence
sup h(gz) <e, (182)
z€[0,7]
and Theorem 6.2 gives h* = 0 at every equilibrium. O

Proof of Proposition 6.4. Fix v > 0and h > 0. Let

D(0) = h+ 0 + 2€,. (183)
Then B 9 b
+ €, r _ + €,



Also 9 N
m'(r) = =2k(r — w)m(r), a—g(h, 0)=(1- g)(fA)'(H). (185)

Since ©,(0) = vm(r(h,0))q(h,d), the chain rule gives
or dq
!/ _ !/ - —1
0,(0)=v {m (r)aeq + m(r)ae}
h+ e,

= om(r(10)) [ (1= FAY(6) + 26 (1.0) — ) g =5

which is (69).

The equation r(h, ) = w is equivalent to

(h,0)|,  (186)

h+ e, 0 h+e,
h+ 0 + 2e,

—h—2¢ =86,. (187)

Because 7(h, 0) is strictly decreasing in 6, the condition 0 < 6,, is equivalent to r(h, ) > w. On

[0, 6,,]. the intrinsic derivative term (1 — o)(f*)’(6) is nonnegative by assumption, and the mixture
term is nonnegative because r(h,0) —w > 0, g(h,0) > 0, and all remaining factors are positive.
Thus ©7,(6) > 0 on [0, 6,,], so ©y, is increasing on that interval.

Now assume there are 6. € [0,,,0) and § > 6, such that ©},(6;) > 0 and the negative mixture
term dominates the intrinsic derivative at 6. The domination condition is equivalent to ©} (9) < 0
because vm(r) > 0. The function ©, is continuous on [f, 6] and differentiable on its interior. Since
the derivative is positive at 0 and negative at 0, the maximum of ©, on a sufficiently small closed
interval containing the positive-slope point and ending at 6 cannot occur only at the right endpoint,
and it cannot occur only at the left endpoint after moving slightly to the right from a point with

positive derivative. Hence a maximizer occurs at some interior point 6* € (64,6). By Fermat’s rule,
©},(6*) = 0, and this point is a local maximizer. O
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B Additional experimental figures

Policy anti_hot: total populations

Baseline: field-level human shares
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(a) Baseline field shares. (b) Anti-hot population path.

Figure 6: Additional baseline and policy diagnostics.

Welfare over the full eta-slope range

Representative period-4 path at eta_common=1.00 and slope_scale=4.00
T
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(a) Welfare heatmap. (b) Period-four path.

Figure 7: High relaxation and high slope produce persistent nonconvergence.

Tail activity-adjusted ecology Tail welfare under strike-state initialization
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(a) Tail ecology. (b) Tail welfare.

Figure 8: Diagnostics for the ecology smoothing parameter €.
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Omega sweep: realized mean human share
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(a) Realized human share.
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Omega sweep: target-realization gap
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(b) Target-realization gap.

Figure 9: Target-share sweep diagnostics.
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